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General Motion of a Variable-Mass Flexible
Rocket with Internal Flow
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This paper consists of two parts. In the first part a new and general formulation of the dy-
namical problems associated with the powered flight of variable-mass, flexible rockets with
internal gas flow is presented. The formulation comprises six ordinary differential equations
for the rigid-body motion and three partial differential equations for the elastic displacements.
The equations are nonlinear and possess time-dependent coefficients. The formulation con-

tains as special cases many of the rocket dynamics problems investigated heretofore, and
should prove superior when several effects must be considered simultaneously. For a critical

examination of the dynamical characteristics of variable-mass bodies, in the second part of
the paper an analytical solution of the boundary-value problem with time-dependent coef-
ficients associated with the longitudinal and transverse vibrations of an axially symmetric,

variable-mass, spinning rocket is obtained.

The paper scrutinizes the concept of normal-

mode vibration for boost vehicles with rapid mass variation.

1. Imtroduction

HE behavior of a rocket in flight has been studied exten-

sively. Research in the area of rocket dynamies has been
concerned with mathematical models ranging from a rigid,
variable-mass rocket to a flexible, constant-mass one, during
the unpowered as well as the powered flight of the vchicle.
Most of these mathematical models must be regarded as
treating speeial aspects of a more general problem.

The treatment of a missile as a rigid body of time de-
pendent mass has been adequately covered by many investi-
gators, including Grubin,® Dryer,? and Leitmann.® The
ballistic trajectories of spin- and fin-stabilized rigid bodies are
treated in a book by Davis, Follin, and Blitzer.

Considering the missile as a slender elastic body subjected
to longitudinal acceleration, Seide® has treated the effect of
both a compressive and a tensile force on the frequencies and
mode shapes of transverse vibration. Others, such as Beal®
have been concerned with the problem of buckling instability
of a uniform bar subjected to an end thrust as well as with the
change in the body natural frequencies as a result of that
thrust. A series of reports by Miles, Young, and Fowler”
offers a comprehensive treatment of a wide range of subjects
associated with the dynamics of missiles, including fuel
sloshing. In all these investigations the mass variation is not
accounted for.

Attempts have been made to consider simultaneously the
mass variation and missile flexural elasticity by investigators
such as Birnbaum?® and Edelen.? Both were concerned with
solid-fuel rockets and neither of them included the axial
elasticity of the missile.  On the other hand, Price concerned
himself with the internal flow in a solid-fuel rocket and ig-
nored entirely the vehicle motion.  More recently an attempt
to synthesize the problem of rocket dynamies has been made
by Meirovitch and Wesley.'*  This latter work accounts for
the mass variation, rigid-body translation and rotation, and
axial and transverse deformations but assumes the motion to
be planar, which excludes spinning rockets.
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This paper can be regarded as consisting of two parts:
general formulations (Secs. 2-5), and solutions (See. 6).  The
first part of this investigation represents an attempt to unify
the various aspeets of missile dynamies problems into one
formulation. Sections 2, 3, and 4 derive general equations of
motion for a flexible variable-mass rocket with internal gas
flow. ‘The motion is defined by three rigid-body translations,
three rigid-body rotations, and one axial and two transverse
elastic displacements. The internal gas flow effects are re-
duced to equivalent forces identified as the Coriolis foree, the
force due to the unsteadiness of the gas flow relative to the
vehicle, and the reactive force. In Sce. 5 the clastic motion
is specified by regarding the rocket as a bar undergoing one
axial and two flexural displacements. The complete formula-
tion reduces to six ordinary differential equations for the
rigid-body motion, and three partial differential equations
with the associated boundary conditions for the elastic
motion. The differential equations are nonlinear and, in
addition, they possess time-dependent coefficients due to the
mass variation. No closed-form solution of the complete
nonlinear equations can be anticipated.

Ag an application of the general formulation, this paper
examines closely the nature of the vibrational motion of
variable-mass systems as opposed to constant-mass systems.
Closed-form solutions are sought as they allow for easier
physical interpretation. Section 6 presents analytical solu-
tions for the boundary-value problems with time-dependent
coefficients associated with the longitudinal and transverse
vibrations of an axially symmetrie, variable-mass, spinning
rocket in vacuum. The coneclusion is that normal-mode
vibration in the commonly accepted sense does not exist for
variable-mass systems.  The analysis should provide a check
of the extent to which approximate methods based on the
normal-mode concept, such as the “time-slice” method, can
be used for variable-mass systems.  This question may prove
especlally interesting when the mass variation is rapid as in
the case of solid-fuel rockets.

2. Equations of Motion for a General System
with Internal Flow

Let us consider a system occupying a certain volume in
space at time {, namely the control volume enclosed by the
control surface shown in solid line in Fig. 1. If the control
volume is fixed in an inertial space, then it is shown in Ref. 12
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{Sec. 5-4) that the force equation has the form
F = Fs + Fg = 0/0t fovpdy + fesv(pv-dA) (1)

where Fs and Fp are, respectively, the resultants of the surface
and body forces acting upon the system, and v is the flow
velocity relative to the control volume.

Next we consider the case in which the control volume
translates and rotates relative to an inertial space. We shall
assume that part of the mass is solidly attached to the control
volume, hence translating and rotating in space with it, and
define a system of body axes xyz fixed with respect to the con-
trol volume. so that the force equation can be written

Fs+ Fp = fuad = [y la+ v+ 20xv + oxr +
ox(wxr)|dM  (2)
in which a is the absolute acceleration of the mass element
dM, ao is the acceleration of the origin O of the system zyz, @
is the angular velocity of axes zyz, and r is the position of dM
relative to these axes. Recognizing that if the_body axes
were fixed in the inertial space only the term f, vdM would
survive, where W, is the mass moving relative to the control
volume, and considering Eq.r(l), we can write the force equa-
tion in the form isee Ref. 12, Sec. 5-6)
Fs +Fs = 000 fovpdy 4+ o v(pv-dA) + fi (a0 +
2wxv -+ oxr + ox(exr)ldM (3)
where the partial derivative 0/t is to be caleulated by re-
garding axes xyz a= fixed. Next we introduce the following
equivalent forces
Fo = —20x fu,vdM, Fr = —(0/0t) fu, vdM

Frp= — fav(pv-dA)

()

where Fe is recognized as the Coriolis foree, Fr- is a foree due to
the unsteadiness of the relative motion, and Fp is referred to
as a reactive force.  With this notation, Eq. (3) becomes

Fs + Fz +Fc — F-+ F; zfu 2, + oxr +
wx(wxr)d)M  (5)

The terms on the right side of Eq. (5) may be regarded as per-
taining to a rigid body of instantancous mass M.
In a similar manner, the torque equation about the origin (0
is
Ni+ Ny +~ Ne — Ny + N, = f,w rx[a, | oxr +
ox(exr)[d)]  (6)

where
Ne = — 2 fu, rx(wxv)d W
N = ~ 0/0t fu, rxvd M (7
Ny = — fi (xv)(pv-dA)

The significance of the various torques is self-evident. MMore-
over, the expression for N can be easily explained by reealling
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Fig. 1 The control volume.

MOTION OF A VARIABLE-MASS FLEXIBLE ROCKET 187

Fig. 2 Coordinate systems for the rocket in flight.

that 0/0t implies a time rate of change with axes 2yz re-
garded as fixed.

These equations must be supplemented by the continuity
cquation

Sopv-dA = =0/t f..dM 8)

stating that the net efflux rate of mass across the control sur-
face equals the rate of mass decrease inside the control
volume.

Recalling that the system comprises one part solid and
another part of changing composition, and observing that the
right sides of these equations represent the motion of the
system as if 1t were rigid in its entirety, Eqs. (5) and (6) may
be interpreted as the equations of motion of a fictitious rigid
body of instantaneous mass M, provided that the actual
surface and body forces acting upon the system are supple-
mented by the Coriolis force, the foree due to the unsteadiness
of the relative motion, and the reactive force. This is the
substance of a statement referred to as the “principle of
solidification” (see Ref. 13, p. 13).

3. Rigid-Body Motion of a Rocket

The formulation of Sec. 2 is ideally suited for problems
associated with the motion of a rocket. Although a rocket is
in general flexible, a first-approximation solution for its dy-
namie behavior may be obtained by regarding it as rigid.
The solution ean be refined later by considering elastic dis-
placements. The mathematical model of the rocket is as-
sumed to comprise a long cylindrical shell open at the aft end
and closed at the fore end.  The inner part of the rocket con-
sists of the propellant which surrounds a eylindrical cavity
whose axiz coincides with the rocket’s longitudinal axis,
namely axis z in Fig. 2. The cavity plays the role of the
combustion chamber, as it contains the burned gas which
flows relative to the shell until expelled through a nozzle at the
aft end. This mathematical model ix more representative of
a solid-fuel rather than liquid-fuel rocket. We shall consider
first the case in which the rocket shell is rigid.

For most rockets the mass variation does not cause the
vehicle center of mass to shift appreciably relative to the body
(see, for example, Ref. 13, p. 15); when the fuel rate of burn-
ing and mass distribution are uniform it does not shift at all.
Hence, we shall assuine that the vehicle mass center is fixed
relative to the body axes zyz and choose the origin O of these
axes to coincide with the mass center so that, by the definition

of the center of mass, we have [y rdM = 0. As a result,
IZgs. (B) and (6) reduce to
Fs+ Fz + Fe + Fy + Fr = Map (9)
Ns+ Ny + Ne + No + Ne =L+ oxL (10
where
L= ({,w: — low, — [0 +

(—Iz.vwr' + Il/x/w.r/ -

G—Iwa

]yzw2>j +
- I!/zw[/ -+ Izzwz)k (11>
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is the angular momentum of the vehicle about the origin O
and L’ is the rate of change of L due to the change in the
body angular veloeity relative to the body axes. It is ob-
tained by replacing the components of @ by the components
of ®inEq. (11). The quantities

Too = Jur 2 + 20dM, I, = fur (22 + 23)dM
I.= fu @+ y2dM, I, = S xydd (12)
.= fuxzdM, 1, = fiyzdd]

are the instantaneous moments and products of inertia of the
vehicle about the body axes. Equations (9) and (10) indi-
cate that the rigid-body translational and rotational motions
are uncoupled. We note that in our case the moments of
inertia are time-dependent because of the mass variation.
Of course, Eq. (10) can be simplified considerably by choosing
ayz to coincide with the principal axes.

It remains to derive explicit expressions for the actual and
equivalent forces and torques. The surface force consists of
the aerodynamic force on the vehicle wetted area and the
pressure force across the exit area. Denoting by f4* the aero-
dynamic force per unit of the wetted area A., by p. the pres-
sure across the exit area 4., and by p. the atmospheric pres-
sure, the surface force takes the form

FS = wa fA*d[iw + (pe - pa)flei (13)

For a uniform gravitational field, the body force is Fg =
Sim gdr = Mg, where L is the length of the rocket, m the
distributed mass, and g the acceleration due to gravity.
Since the flow everywhere is along the z axis, with the possible
exception of the exit point, we have v = —olzyz)i =
—o(z, )i, where we assumed that the flow across the cross-
sectional area is uniform, so that the Coriolis force can be
written

b
Fo = —20x fL ymuds = — 2(wsj — wyk)fL (fxmdg)dx

(14)

in which use has been made of the continuity equation,
namely

vmy = — fimdg (15)

Equation (15) results from Eq. (8) by considering a control
volume from a point z to the closed end of the vehicle. In
Eq. (15), m; denotes fuel mass per unit length at point z, b 1s
the distance from the vehicle mass center to the closed end,
7 1s the mass rate of change per unit length, and £ is a dummy
variable of integration. Similarly, the force due to the flow
unsteadiness assumes the form

Fp = — %vamfdx = — I:%ff (fimdé )dx:‘i (16)

Finally, the reactive force can be written
|
Fr = — fL[a% (vvmy) + A(vvmf)ﬁ(x)] dz = vvm; | (A7)

.

where the symbol z. indicates that the quantity vvm; is to be

evaluated at the exit point. The integrand in Eq. (17) can be
easily derived by assuming one-dimensional flow along the
x axis. It will be noticed that the expression makes allowance
for possible abrupt changes in the flow pattern, as would oceur
if the rocket engine were to be gimbaled at a certain angle
with respect to the x direction. This ix reflected by the
second term in the integrand, in which 8(x) is a spatial
Dirac’s delta function. Letting the flow direction at the
exit be defined with respect to axes zyz by the dircetion cosines
L:x, l,r, L.r, respectively, and using the continuity equation,
Eq. (15), the reactive force becomes

Fr = —Wo(x,)(lepi + Lej + Lek) (18)

where M represents the total mass rate of change, a negative
quantity. The forces Fs and Fg can be replaced by F4 and
Fr, where F, denotes the aerodynamic force

Fi = fafa*dA, (19)
and Fy is the “engine thrust”
Fr = (po — p)Ad + (M@, lsd + Lz + Lak)  (20)
In an analogous manner, we obtain the torques

Ni = frorsxfs*dde, Np = —a|Mo(x.,t) (ej — L,sk)

b 21
Ny = 0,No = —2(j + wzk)fo (ftmdg)dx‘ )
N, = 0

in which rg is the radius vector to a point on the rocket surface
and q is the distance from the origin O to the exit point.

Equations (9) and (10), in conjunction with the expressions
for the actual and equivalent forces and torques derived pre-
viously, possess time-dependent coefficients so that a closed-
form solution of the problem is not possible, except for some
simple special cases.

4. The Equations of Motion of a Flexible Rocket

When the rocket casing can undergo clastic deformations
the problem requires further attention. The case in which
the rigid-body motion is planar and the elastic motion con-
sists of axial and transverse vibrations has been treated by
Meirovitch and Wesley.!! The present investigation repre-
sents an extension and generalization of that work.

Let us consider a rocket translating and rotating relative to
the inertial space XYZ, as shown in Fig. 2. As the control
volume, we consider the volume occupied by a rocket element
of unit length when the vehicle is at rest relative to the body
axes zyz. Figure 3 shows the corresponding element. Be-
cause the rocket shell is elastic, the entire mass associated with
the control volume in question can move relative to that
volume. The rocket case and unburned fuel are assumed to
move together and their motion is different from the motion
of the burned fuel, so that it will prove convenient to denote
the motions and mass associated with the case element by the
subscript ¢ and the ones related to the (burned) fuel element
by the subscript f.  In analogy with Eq. (2), and considering
the rocket element shown in Fig. 3, we can write the force
equation of motion in the form

fs + £z = fu 0 + Ve + 20xv, + oxr, + wx(wxr,)]dm +
fm/[ao + V; + 20xv; + oxr; + ox(wxr;)ldn (22)

where fs and fz are distributed surface and body forces, re-
spectively, v, is the elastic motion of a point inside the case
element, and v; is the flow velocity relative to the body axes.
We shall assume that the elastic motion is the same for the
entire case element, and a similar statement can be made con-
cerning the velocity of the fuel element. Introducing the
notation v. = 1, v; = u + v, where u represents the elastic
displacement vector, and v is the velocity of the fluid relative
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fo the case, we can rewrite Eq. (22) as follows
fs -+ fz = (ay + i + 20x)m + Ox fn rdm +
0xX(0X [ tdm) + (¥ + 20xv)m; (23)

where m = m, -+ m, is the mass of the rocket per unit length.
Moreover, the radius vector r has the expression r = (v + )i
+ (y + u,)j + (z+ u)k, in which u,, u,, and u, are the elastic
displacements of the case element in the z,, and z directions,
respectively. A slight simplification can be achieved by
assuming that the rocket possesses certain symmetry defined
by fm ydm = f.zdm = 0, so that introducing the “average”
radius vector T, whose definition is ¥ = (& + u)i + u,j +
.k, Eq. (23) assumes the form

fs -+ fz = lag + Ui + 20x0 + OxF 4 ox(wxi)|m +
(v + 20xv)m; (24)

The surface forces comprise the aerodynamic forces on the
surface of the rocket, as well as the forces due to stresses on
the rocket shell and fluid pressure. The latter two types of
forces are acting on the cross-sectional surfaces, so that, al-
though they are internal to the rocket, they must be con-
sidered surface forces due to the nature of the chosen control
volume. Body forees, as in Sec. 3, are due to gravity alone.

Invoking the analogy with Eq. (5), Eq. (24) can be rewrit-
ten as

fs +fp + fo 4 fir + 12

i

[ap + ii + 20x0 + oI +
ox(ext)|m (25)
= (ay + a)ym = am

where a is the absolute acceleration eonsisting of the accelera-
tion ag of the origin O and the acceleration a of the case ele-
ment relative to the body axes. Moreover

o
fo = —20xving, fr = St (Vm/)
> (26)
frn = — 5 (wvms) — Alvvms)d(x + a)

are the Coriolis force, the force due to the unsteadiness of the
fluid flow relative to the case, and the reactive force, respee-
tively, all per unit length of rocket. Recalling that the unit
vectors i, j, and k rotate with angular velocity o, the absolute
acceleration a of the case element can be shown to have the
components
Az = ROI + [ + 2[wy(ROz + 1}/4) — wz(ROy + u?!)] +
":’y<R0z + w.) — ":’2(R0y + wu,) + wxwy(ROy + uy) -+
w;wz(R()Z + uZ) - (wyz -+ wzz) (Rw + x4 u_’c)
(I/g/ = ROy + uy + 2[w2(ROx +ar) - wa:(ROz + uz)] +
@, (Ro: + * + w.) — 0. (Ro. + u) +
wyw.(Bo. + 1) + w.0,(Roe + 2 + us) — 27)
(wr2 + wz2> (ROy + uy)
a, = R.Oz -+ i, + 2lwx(R0y -+ ul/) - wy<ROx + ux)] +
d’x(ROy + uy) - be(ROJ: + z ‘I_ uz) +
s (Ror + 2 4 U2) + wyw:(Roy + u,) —
(w22 + w,?) (R, -+ 1)

We note that the terms involving Ro., Ry, Ro. and their time
derivatives are associated with the motion of the origin O,
whereas the remaining terms are due to the motion of the
case element relative to 0.
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Similarly, using Eq. (23), the torque equation about point
O for the rocket element in question takes the form

ns + np = tx(a + i + 2e0xW)m + 1’ + oxl +

x(V + 20xv)m; (28)
in which
Uys0:)§ +
Tytsy + Law )k (29)

18 the angular momentum of the mass element m about axes
xyz, where

1= (imwz —_ ir!/wy - irczwz>i + (—irywr + i.l/ywy -

(_ irzw;v -

iee = Su [y + w)?* + (¢ + w)?ldm

7f.yz/ = fm[(w + 711)2 =+ (2 =+ uz)2]dm

e = Sul@ 4+ w)? + @ + w,)*ldm (30}

tey = Sn @ F Uy + wddm, b = L (0 + w.) X
(z + w)dm, i,. = S (y + w,) (2 + w)dm
are recognized as the associated moments and products of
inertia. Moreover, 1’ iz obtained from Eq. (29) by replacing
Wz,Wy,0, by @.,w,,@., respectively.  Iquation (28) can be re-
written as
ng - ng+ ne¢ + ny + ng =
Bx(ap + i + 20xi)m + 1’ + ox1 (31)

where the torques

ne = —2ix(@xv)my;, ny, = — Ix ° (vrmy)
5 (32)
ng = —Ix o (vving) — [IxA(pvm;) 16(x + a)

follow direetly from Iigs. (26).
Equations (25) and (31) must be supplemented by the con-
tinuity equation, Kq. (15).

5. Equations for the Axial and Transverse
Vibrations of a Rocket

Let us consider the rocket of the preceding section in which
U, 15 the axial elastic displacement and u, and u. are the elastie
transverse displacements in the y and z directions, respec-
tively. Assuming that the elastic displacements w.,u,,u, and
the angular velocity components w,,w., as well as their time
derivatives, arc small quantities, we can integrate Eqs. (25)
and (31) and obtain

Fs+ ¥z +Fc + Fy + Fp = Ha, 4

S (i + 2exuw)mde  (33)
Ng+ Ng+ Ne + Ny + Ng =L/ + oxL —
S 2, + 200, + ou,)j— (i, — 2w, — ou)klmde  (34)

Comparing Eqs. (9) and (33) on the one hand, and Eqs. (10)

and (34) on the other hand, we conclude that the clastic mo-

tion is inertially uncoupled from the rigid body motion as and

@, provided the z axis is chosen so that the following relations

are satisfied

Joumdz = [ iimdr = £ xumdr = [ au,mde
Srximde = faumde = [ rumde = (35)

SJowiomdz = 0
We shall assume that this is the case, and indeed Eqs. (35)
imply that the elastic modes of deformation are orthogonal

(with respect to mass) to the rigid body modes of displacement,
namely the translation and rotation of the vehicle as a whole.

It
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In the event the forces and torques on the vehicle do not de-
pend on the elastic displacements the problem can be solved
in two stages. In the first stage we solve for the rigid body
motion a, and w trom Eqs. (9) and (10) and then, considering
a, and ® as known, turn to Egs. (25-32) for the elastic
motion u.

Equations 25) and (26), representing the equations of
motion for the three components wu.,u,,u. of the elastic dis-
placement u, are of a general form and, before we can attempt
their solution, we must specify the nature of the surface force
fs. This force depends not only on the external aerodynamic
forces but also on the internal stresses in the shell and gas
pressure. Moreover, we must also know the flow charac-
teristics, as can be coneluded from Eq. (26).

The distributed surface force is assumed to consist of in-
ternal stresses caused by the axial and flexural vibrations (see,
for example, Ref. 14, Secs. 5-7 and 10-3), internal gas pressure
differential, and terms due to aerodynamic effects. The
longitudinal stiffness EA., where E is the modulus of elasticity
and A, the cross-sectional area of the casing, and the flexural
stiffnesses El., and El.., where I, and [.. are area moments
of inertia of the case about axes y and z through the eross-
sectional center, take into account the casing material only.
This implies that the unburned propellant possesses inertia
properties but no structural stiffness.

Recalling the assumption that w,,u,,u.,0,, and w, are small,
the differential equation for the axial vibration takes the form

o) Qu, Q. X . 0
o <E.~4F Ox) ~ (pAy) + fae + mg-i-+ > (vmy) —

o ., . . . .
5 @ty = m[Roe. + i, + 2(0,Re. — w.Roy) +

‘b;/Roz — (—;’zROy + wx(wyROy + szﬂz)] (36)

where p is the gas pressure and fq,. the aerodynamic force

component. Kquation (36) is subject to the boundary condi-
tions
U, U, -
KA, s Poatr =b, EA.— = Patas = —a (37)
A o

where the funections P,; and P, arc axial forces exerted by the
gases on the case at the endsa = —a,b.

In a similar manner, the differential equation for the flexural
vibration in the zy-plane is

2 2, )
~ a% <1«:1l,_, aa;‘z> + Oa; <P %%) tfay 4 mg-j +
2w.0m; = mf{l.i’:ol, Sl 2wy — w.(Ro. + w)] +
a:(Ro: + 2) — @ (Ro: + 1) + 0w, (Ror + ) —
w:*(Ro, 1 u,)} (3%)

in which £ = FK.1.,0u.’0r denotes the axial force on the
vehicle due to internal stresses. The boundary conditions
are

2 2
B2 o, - ;1 <L[ 2 ”-") +Pa 2 =g

oa® < oxt o
o? o) 0? ) et (39)
u, u u
E]cz —f = r T ) L — ; x — = 2
: ot 0 o <L[ ) 0x2> + Par or Pe
atr = —a

The first and third of boundary conditions (39) indicate that
there are no bending moments at the ends 2 = —ab, the
second one expresses the fact that the force in the y direction
at the end © = b is zero, and the fourth one states that there
may be a transverse force P, at £ = —a due to a change in the
flow direction at that point.

Moreover, the differential equation for the flexural vibration
in the xz planeis

2
o2 <E[w M) . 0 <P buz> 4o mgk —

T ot ox? oz ox
Qw,omy = miRo, + i + 2[w.(Ro, + %) — w,Re.] +
@.(Roy + ) — @, (Bor + 2) + w,.(Box + ) —
w.HRo: + w.)}  (40)

with the boundary conditions

2 2
E[“ay'ﬁ =0, - 2 (E]cyaaiz'&) +leg?iz = ()
z

ox? ox 2 ox
atxz = b )
e 27 re} o%u ou (D)
El,—=0,— — | ElL, — Po—— =P,
T ox? 0 bx<’ 'Ox2>+ ox
atz = — a

We note that the acrodynamie forees are treated as dis-
tributed forces. Concentrated aerodynamic forces, such as
at the front end of the vehicle, can be represented as dis-
tributed by means of a spatial Dirac delta function. The
aerodynamic distributed forces are assumed to cause no
torques on the case element. Such torques, if they exist, are
assumed to affect only the rocket rigid body rotation. Al-
though the nozzle has finite length, it was assumed, for
simplicity, to be of negligible length. In fact the term P,
represents the axial force on the nozzle wall from the gas flow
between the two end points of the nozzle. In a more re-
fined treatment of the gas flow, the exact pressure distribution
along the finite-length nozzle may have to be considered.!?

The flow has been treated as if it possessed no viscosity.
As a result, any reactions between the gases and the unburned
fuel are assumed to be normal to the flow. This is implied by
the fact that the velocity is uniform over the entire cross-
sectional area which implies, in turn, perfect burning in the
sense that no gas-dynamic eccentrieity is present. The lack
of gas-dynamie eccentricity is ensured by any type of radially
symmetric flow, of which the uniform flow is a special case.
Any torques due to gas flow may result from engine thrust
missalignment, if at all. Moreover, the velocity of the flow
relative to the body is assumed to have only one component,
namely along the x axis. Although, due to the transverse
elastic displacements u, and u., there are velocity components
U, /Ox and vOu,/0x in the y and z directions, respectively,
the terms involved are assumed to be small and, therefore,
ignored. Several special cases, requiring further assumptions,
are discussed in the next section.

6. Axially Symmetric, Spinning
Rocket in Vacuum

Our interest lies in demonstrating certain vibrational
characteristics of the rocket casing during the powered flight,
that is to say when the mass varies with time. Since for a
solid fuel rocket the powered flight lasts only a few seconds, it
1s reasonable to assume that during the initial moments of the
flight the aerodynamic forces are negligiblee. We shall
further assume that the engine thrust makes a zero angle with
the longitudinal axis, so that no torques are acting on the
vehicle. Moreover, the mass of the rocket is considered to be
uniformly distributed and to remain so during burning.
Under these circumstances, the vehicle mass center will lie at
the halfway point between the rocket ends, b = a = L/2,
at all times.

We shall explore the case in which the unperturbed motion
of the rocket consists of vertical upright flight in the axial
direction and of spin about the longitudinal axis at the con-
stant angular velocity w. This motion is consistent with the
assumption of no torques on the vehicle, in which case the
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rotational motion w, = w = const, w, = w, = 0 satifies the
moment equations, Eq. (10), identically. For unperturbed
translational motion, two components of the force equations
of motion, Eq. (9), vanish identically and only the equation
for the longitudinal direction remains. Moreover, it is
customary to assume that the internal gas flow is steady so
that, in view of the fact that in vacuum p, = 0, this com-
ponent has the form

v — Mg = MRy, (42)

pedte + |
where |17] is the rate of mass decrease of the entire rocket and
v, the exhaust veloeity of the hot gases. But [M] is assumed
to be constant in time, from which it follows that the solution
of Eq. (42) has the form

p el;l €

. . My 5
Ry, = R0x<0) + <TJ'[T -+ h) In jjo — Ullt gt (43)

where M, is the vehicle initial mass. The remaining two
velocity components are zero, Ro, = Ko = 0. In the follow-
ing we shall regard the rigid body motion as known in time.

In view of the above assumptions and results, the dif-
ferential equation for the axial vibration, Eq. (36), becomes

Po) QU 0 e 9, B
e (EAc 5907) ~ 5 (pds) — mg 5 (v*my) =

m(Bo, + i) (44)

which is subject to the boundary conditions

Du, , ) L‘
WAC*"C: gatz = — EA,
KA o2 P, atzx 2

buf L ,
5; = Poatzy = —5 (45)

At this point we postpone the discussion of the equations
for the transverse vibration and turn our attention to the in-
ternal gas flow, which is the problem of a steady, adiabatic
flow in a channel of uniform cross-scctional area. The
problem is unusual in the sense that mass is continuously
added to the flow at constant enthalpy and at negligible
kinetic energy. An exact solution of the internal flow
problem is extremely difficult and forms the subject of a
separate investigation.® The assumption of zero viscosity
implies that there are no tangential forces acting hetween the
unburned fuel and the flowing gases so that the equation of
motion for the gas alone can be separated in the form

o) o .. ‘
o (pA;) — 5 () = my(Re. + e + g)  (46)

which is subject to the continuity equation, Eq. (15). For
uniforim burning, Itq. (15) vields the relation vm; = m3(I. —
2x)/2, where moS = —m = const is the uniform rate of
mass burning per unit length, in which my = Mo/L is the
initial distributed mass of the rocket. It turns out that, as
far as the gas flow is concerned, the right side of Eq. (46) is
negligible.  With this in mind, an integration of that equation
vields

A () = pALL/2) — vim(z) (47)

o that the pressure drops as the gases approach the nozzle.
Note that at # = L/2 the velocity is zero, v(L/2) = 0, and
the pressure p(L/2) is the stagnation pressure.1?

Denoting the mass of the case and unburned fuel per unit
length by m. = m — my, regarding m, as small compared to
m., and introduecing Eqs. (42) and (46) into Eq. (44), we
obtain

2,
—BA O o, =

Ao (pete + v M oB) (48)

-
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which at the end x = L/2 is subject to the boundary condition

ou,|
EA. 626‘ i = Pu = pA;(L/2) (49)

On the other hand, from Lqg. (47), we conclude that the

boundary condition at the endx = —L/2 s
L Oy
FA, — =P, = }’)~1f(L;’ 2) — pede — v MoB  (50)
O |om 12

To obtain the exit pressure p., exit velocity v,, and mass per
unit length p.4, at the exit, we must analyze the compres-
sible flow in the nozzle.!?

Returning to the transverse vibration, we conclude that for
axial symmetry, [., = I.., = I,, the two flexural equations of
motion can be combined into a single equation by introducing
the complex vector u,. = u, + ., t = (=12  Under the
same assumptions as for the axial vibration, this definition
enables us to combine Eqs. (38) and (40) into
o1 2 2 (2

- ox

ont oz ) = m(li,, + 20w, — «w*u,.) (51)

whereas the boundary conditions become

Q. Ou, Oy, L
7l = —FEI, =% + P, Y= Qatz= -
I ozt 0, ox? T B dx Oate 2
L %y, 0%y, Ol _
E[E —a‘x?’ = 0, “—Elo ag’ + P:Q o =0 (.‘1)2)
e L
atx = 2

Note that in Iigs. (51) and (52) it was assumed that the
flexural stiffniess 1s uniform.

Examining the differential Eqs. (48) and (51), with the
associated boundary conditions, we conclude that the equa-
tion for the axial elastic motion u, can be solved independently
of the equation for the transverse clastic motion #,.. On the
other hand, Eq. (51) depends on u, through the axial force P
s0 that we must solve for the axial elastic motion before at-
tempting a solution for the transverse elastic motion.

A. Axial Vibration of a Rocket

The mathematical formulation for the axial elastic motion
of the rocket comprises a nonhomogencous differential equa~
tion, Eq. (48), to be satisfied over the entire length of the
rocket, and the boundary conditions. Eqgs. (49) and (50).
The differential equation possesses time-dependent coefficients
as the distributed mass m. is a function of time; the axial stiff-
ness KA, is attributed entirely to the casing material, hence
it is constant in time. In view of our assumptions concerning
the relative magnitudes of the various motion components,
it turns out that the axial vibration is independent not only
of the transverse vibration but also of the rotation w about the
& axis.

A solution of the boundary-value problem, Eqs. (48-50), is
possible by means of the modal analysis, provided the mass
density m. is constant. This, of course, is not the case but let
us assume for the moment that it is. The modal analysis
amounts to solving the eigenvalue problem associated with
the constant-mass system, obtain the so-called normal
modes, and express the system response as a superposition of
the normal modes multiplied by corresponding generalized
coordinates; such a solution is referred to as normal-mode
vibration. Because the actual boundary-value problem
possesses time-dependent coefficients, however, no normal-
mode vibration is possible. Nevertheless, by virtue of the
uniform-burning assumption, it turns out that a procedure
based on the normal-mode approach can be used here to ob-
tain a solution. But, because the normal modes imply a
physical behavior which the actual system does not possess,
we shall regard the solution as a superposition of eigenfune-
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tions associated with the constant-mass system, rather than a
superposition of normal modes.

Instead of working with a boundary-value problem consist-
ing of a nonhomogencous differential equation with non-
homogeneous boundary conditions, it will prove more con-
venient to transform the problem into another one defined by
a nonhomogenecous differential equation with homogeneous
boundary conditions (see Ref. 14, Sec. 7-14). To this end
we introduce the transformation

w.(x ) = w,l) + Pigi(x) + Pagsla) (53)

where P,Y= P,, and Py = P, arc the same functions as in
boundary conditions Eqs. (49) and (50), and ¢; and g¢. are so
chosen as to render the boundary conditions in terms of
w(z,t) homogeneous
ow

LA, —
ow

B ow!

c -
2= L2 ox |lr=—ri2

=0 (54)

1t is not difficult to verify that
P, L L
u;(x,t) = u(x,l) =4 EI <x — 5) h <‘5 — i) +

ﬁ (x—l— g) [1 —h <x+ §>:| 55)

represents the desired transformation, where Az — o) is a
unit step function applied at x = x,. Introduction of Eq.
(55) into Eq. (48) yields the differential equation in terms of w

o*w . L L
—EACO,L‘2 —%—m;w = P15<£L —§>—P35<$+§> —

1
7 @ede + 0. M) (56)

provided P; and P, are constant, which turns out to be the
case for steady flow. KEquation (56) is subject to the ho-
mogeneous boundary conditions Eq. (54).

To solve the boundary-value problem defined by Eqs. (56)
and (54), we consider first the eigenvalue problem consisting
of the differential equation EA.¢"" + Q¥myp = 0, over the
domain —L/2 < z < L/2, and the boundary conditions
¢'(L/2) = ¢'(—L/2) = 0, where primes denote differentia-
tions with respect to . This eigenvalue problem corresponds
to the axial vibration of a uniform, constant mass bar with
both ends unrestrained. The solution of the problem can be
shown to consist of the denumberably infinite set of eigenfunc-
tions (see, for example, Ref. 14, pp. 151-154)

(2/meL)12(— 1) 02 ginprrz /L, v = 1,3,5, ...
oolz) = (57)
(2/meL) V2 (—1)7? cosrma/L,r = 246, ...

and the eigenvalues Q, = ro(Bd/mel)YV? (r = 123, .. ).
The eigenfunctions are orthogonal to each other and, in
addition, they are normalized so as to satisfy the relation

L/2
f_L/2 mog-(x)plz)dx = 8, (r,s = 1,2,3,..))
where §,. is the Kronecker delta. The eigenfunction corre-
sponding to r = 0 represents the rigid-body mode ¢y =
(1/meL)*? and the associated eigenvalue is zero, Qo= 0, as is
to be expected for a scmidefinite system. Tt is easy to see
also that ¢y is orthogonal to the eigenfunctions ¢.(s = 1,2,3,

The solution of Eq. (56) is assumed in the form

wz,t) = Y o2 () (58)

r=1

where ¢, are generalized coordinates and functions ¢, are
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given by Eq. (57). Introducing Eq. (58) into Eq. (56), multi-
plying both sides of the result by ¢(x), integrating over
the entire domain, and recalling the properties of the functions
¢., we obtain the set of uncoupled ordinary differential equa-
tions with time-dependent coefficients

(I — B4 + Xy = Q)7 =
where 8 was defined previously, and the quantities
QT = PT¢’<L/2) - P2¢T(_ 1//2>7 r= 11273a L <60>

play the role of generalized forces. Letting the initial condi-
tlons be w(z,0) = w(z), w(z,0) = 0, it is shown in Ref. 11
that the solution of Eq. (59) is

[ (- &) s
a.(0) -[ +<u, Q) . N

123, ... (59)

{YoOIN( = 8OV — Tl T[N — 50”2]}]

A = 2% r=123,... (61)
where
L/2
w, = f—L/2 mowo(x) P, (x)de, 7 = 1,23, ... (62)

and Jo, J1, Yo, Y1 are Bessel functions of zero and first order
and first and second kind, respectively. Solution (61) is
obtained by introducing the transformation 1 — Bt = o?
which leads to a Bessel equation in ¢, with ¢ as the inde-
pendent variable. This completes the formal solution for the
axial vibration.

B. Transverse Vibration of the Spinning Rocket

Having calculated the axial displacement u. we are now in
the position to determine the axial force P = EA0u./0x.
This, in turn, should enable us to solve the boundary-value
problem, Eqs. (51) and (52), for the transverse vibration u,.
of the spinning rocket. This, however, is a formidable prob-
lem because of the complicated time dependence of the coef-
ficients introduced into Eq. (51) by P. A solution may in-
deed be attempted by using an eigenfunction expansion, as
in the case of the axial vibration, and converting the partial
differential equation into an ordinary one, whose solution may
be obtained by the method of Frobenius. Practical reasons,
however, render such a solution intractable. The situation is
considerably improved if, through damping, the solution for
the axial displacement reaches a steady-state condition in
which the axial force P is no longer time dependent. We
shall attempt a solution for the transverse vibration under
these circumstances.

Tgnoring the term containing the axial elastic acceleration
i, in Eq. (48), and considering the boundary conditions Egs.
(49) and (50), the axial force can be shown to have the
expression

ey ouz\ _ }_g 5 -
P—Iulc<ax>~P1 (2 L> (P, — Py (63)

Upon introducing Eq. (683) into Eq. (51), we obtain a ho-
mogeneous partial differential equation with time-dependent
coefficients entering through the mass m which is a known
function of time. Iquation (51) is subject to the homoge-
neous boundary conditions Eq. (562). A solution of the cor-
responding boundary-value problem can, likewise, be at-
tempted in terms of the eigenfunctions of the associated uni-
form, constant-mass bar in trangverse vibration but, by con-
trast, this time no transformation is necessary, as the boundary
conditions are already in homogeneous form.

Let us consider the eigenvalue problem comprising the
differential equation EI.y'""" = A?mgy and the boundary
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conditions ¢ = """ = 0atx = —L/2,L/2. The solution
Y.(x), r = 12,3, ...) of this problem is given in Ref. 14,
Sees. 5-10 and 10-5.  Using the results from there, we can
write the solution of Eq. (51), with P given by Eq. (63), in the
form

() = D Yula)n.(t) (64)
r=1
where g, are associated generalized coordinates, which in this
case are complex. Introducing Eq. (64) into Eq. (51), multi-
plying the result by ¢, and integrating over the domain, we
obtain

moo. L &
— (. + 2iwn, — @) F 2 kun = 0,

g r=1

s =123, ... (65)

where consideration has been given to the relation Ef,"""’
= A mgy, and the fact that the eigenfunctions are orthogonal.
The eoefficients & |, have the form

[1””2 ’ L s A
b= A%+ [ Py (66)

by virtue of the fact that w,. satisfies boundary conditions
(52), as can be seen in Ref. 14 (p. 447). In fact from the
same source (see pp. 450-451), we can write the coefficients
forr = s

ko = A2 4 (L:32) {31y + Py ¥/ (L/2)1 +
(P + 3P [ (— /21 +

SIP L/ 209, (1/2) — P (—L/2)¢."(—L/2)] —

B/L)(Pr = Po)[¢.2(L/2) — YA —L/2)] (67)

whereas forr = swe obtain

koo = [1/A2 — A2]{A2[PAL/2)Y,(L/2) —

Pt —L/2) 9. (—1/2)] —
AP L 20, (1L/2) — P, (—L/2)¢(—L/D)Y} +

[4(P, — Py A2A/L(A? — AD?] X
W (L/2)Y(L/2) — (= L/2)¢¥:(—L/2)] (68)

Fquations (65) constitute an infinite set of coupled ordinary
differential equations with time-dependent coefficients; the
coupling enters through the coefficients k., r = s. But for
large values of r and s the coefficients for which 7 = s become
inereasingly small compared to the ones for which r = s.
This is equivalent to the uncoupling of the equations corre-
sponding to high values of r from the ones corresponding to
low valuex of r so that we can limit the set Eq. (65) to the first
n equations and truncate the series in these equations accord-
ingly.  The resulting n equations can be written in the matrix
form

Vit 2ieti) — etln) 4 (i) = (0} (69)
where {5} is an n X 1 column matrix and [k] is the n X =
symmetric matrix ol the coefficients k. (r,s = 1,2, .. ., n).
It turns out that the set of n equations, Eq. (69), can be un-
coupled by means of a linear transformation. To thisend, we
consider the eigenvalue problem associated with the sym-
metric matrix {£]in the form

k11Z] = 121 (70)

where [Z] 1s the modal matrix associated with [£] and E’yj 18
the corresponding diagonal matrix of the eigenvalues, It can
be shown (see Ref. 14, Sec. 4-8) that the modal matrix
possesses the orthogonality property and, if also normalized,
it satisfies the relation {Z17[Z] = [I], where {Z]7 is the
transpose of [Z]and /] is the identity matrix.
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Next we introduce the linear transformation

{inl = 1215} @)

into Eq. (69), premultiply throughout the resulting equation
by [Z]7, recall that [Z] is orthonormal, and obtain

@("4:'22' M e f =10 79
o 1 2iel) = erls) + [y ]i = 10) (72)
where, from FEqs. (70) and (71), we substituted [Z)7[k][Z] =
E’y]. Equation (72) represents a set of n uncoupled equa-
tions of the form

(1 = BO( + 20wl — @20 + 7.0 =0
s=12,...,n (73)

in which we substituted m/my = 1 — Bt on the assumption
that m, is small relative to m..

Through a change of the independent variable, Eq. (73) can
be brought into a form which lends itself to a closed-form
solution. To show this, we introduce the transformation
o? =1 — Btleading to

B (1 ee\dn 4
do* ( ).da+62(7“ WNE =0 gy

s=12,...,n

T B

It 1s not difficult to show that the general solution of Eq. (74)

18

_ 4.
B2

where the constants ¢,; and ¢, depend on the initial condi-
tions.  Assuming the initial conditions

€0) = Lo, dE(0)/dtli=o =0 (s = 1,2, .., n)

solution (75) becomes

to= oeBleJ(a,0) + coli(a0)], (75)

o) = g (1 — BO)V2e—ivte of [2wY () +

a.Yola) ), [a(l — BOY?E] — [2tw]i(a,) +
aola)] Vila (1 — BV} s = 1,2, .. ., n (76)

We note that the initial conditions are related to the initial
transverse displacement and velocity of the rocket. In par-
ticular, df.(¢)/dtl;—o = 0 implies that the initial transverse
velocity is zero. On the other hand, the quantities ¢ are re-
lated to the initial transverse displacement y,.(2,0) = u,.0(x)
by { o} = [Z]7{no} where the sth element of the matrix {7}
has the form

L/2 )
mo = 10 = [ mie@y.@)de, s = 12,0 (D)

L/2
This completes the formal solution for the transverse vibration
problem.

7. Numerical Results

The solution for the rigid-body motion and the one for the
axial and transverse vibrations have been evaluated numeri-
cally on an IBM 7040 computer.t The data used, taken to
represent a typical solid-fuel sounding rocket, is as follows:
pe = 0, v, = 8290 ft sec™, L = 100 in., meg = 4.25 b in. 74,
g = 0.5, 1.57, 3.0 Ib in.7  sec", K = 30 X 10¢ Ib in.7?,
4, =753m.2 1, = 93.00 in.4, Ay = 364 in.2, pr, = 2000
Ib in.72, w = 10 rad sec™'. The initial conditions have the

1 The numerical solution has been obtained by means of a com-
puter program written by J. Bankovskis, Research Assistant,
University of Cincinnati.
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Fig. 4 Altitude vs time.

form

X(O0) = u.(x,0) = w.(x,0) =0

: xr 2 . 2mx 6z .
'Il/y(-)d,O) = [Al <(‘,0h’l:' - 7;> + B <HMT - 71'[/)} i

where A and B are coefficients measured in feet. We note
that, depending on these coefficients, u,(z,0) can be made to
resemble approximately the first or the second eigenfunction
of the constant-mass system. Several combinations of .1
and B have been explored.

Figure 4 shows the rigid-body motion in the longitudinal
direction for three different burning rates. Clearly, for
larger burning rates the rocket climbs faster.

Figures 5 and 6 show the axial and transverse clastic dis-
placements for selected times. The plots are for various
burning rates and a given spin velocity. We note from Figs.
5 and 6 that in the initial stages of the flight the burning rate
g affects the axial displacement u, to a much larger extent
than it affects the transverse displacements u, and u,. The
explanation is that the mass rate of change has an immediate
effeet on the axial foree and, as soon as the pressure has built
up in the combustion chamber, the axial tension begins to
produce an elongation of the missile case. The rate of burn-
ing affects also the transverse displacements; but this effect
takes longer to make itself felt. Although the displacements
Uz Uy, and u, are oscillatory in nature, they do not represent
normal mode vibration (in the commonly accepted sense) by
any means, as both the amplitude and period of oscillation de-
pend on the burning rate and on time.

The rocket spin velocity w has no effect whatsoever on the
axial vibration but it does have an effect on the transverse
vibrations. The term e~™! represents a complex vector of
unit magnitude, rotating in the negative sense with angular
velocity w.  With regard to the components of Eq. (76), the
term e 2iwY (a,) + a,Yola.)] can be interpreted as a

;1700004 SEC o,
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0 /\
3 157
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Fig. 5 Elastic displacements for 4 = 0.10 X 10 ft,
B = 0.25 X 10~ ft, and w = 10 rad/sec.
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Fig. 6 Elastic displacements for 4 = 0.10 X 107 ft,
B = 0.50 = 10¢ ft, and o = 10 rad/sec.

rotating vector he*i(“”““),where n o= 4ot Xa) + a? X
Yo2(a) V2 and ¢ = tan 20V (@) /.Y o(e.) . A similar in-
terpretation can be given to the term e 2w/ (o) +
ado(a,)]. Hence, the effect of w is to rotate both components
of the transverse vibration {.(¢) with the angular veloeity «
with respect to the body axes but with different phase angles.
Of course, the two components have different time-dependent
amplitudes and periods. Since the cffect of the spin rate was
not found to be significant, response curves for only one
value of w are presented.

As expected, the rocket undergoes an axial displacement .,
regardless whether it was subjected to an initial displacement
i the axial direction or not. By contrast, under the as-
sumptions of zero external transverse forees and reactive
transverse forces at the nozzle, the displacements u, and u.
are entirely dependent on the transverse initial conditions.
In fact, the response persists on alternating between the first
and second eigenfunction of the constant-mass system.
This can be easily explained by the fact that the initial trans-
verse displacement is a combination of two functions re-
sembling the first two eigenfunctions in question. More-
over, the assumption that the mass remains uniformly dis-
tributed throughout burning tends to eliminate the other
eigenfunctions {rom the solutions. No tendency of the
amplitudes to increasc with time 1s detected. This is true
for a rclatively large range of spin rates.

8. Summary and Conclusions

In the first part of this paper (Secs. 2-5) a new and general
formulation of the dynamical problems associated with the
powered flight of a flexible, variable-mass rocket is presented.
The unified formulation should prove superior when several
effects, analyzed heretofore separately, must be treated simul-
tancously. This seems to be the case especially with the
vehicle flexibility and mass variation, at least in the case of
rapid mass variation. Indeed, to reveal the vibrational
characteristies of the vehicle during the powered flight, in the
second part of the paper (Sec. 6) closed-form solutions for the
longitudinal and transverse vibrations under pure spin and
axial rigid-body translation are obtained. These solutions
show clearly that normal-mode vibration, in the commonly
aceepted sense, does not exist for variable-mass systems. The
analytical solutions obtained here can be used to check the
measure of validity of the time-slice approach, especially for
systems with rapid mass variation such as the one treated
here. A fact deserving special attention is that, at least for
solid-fuel rockets, the engine thrust produces a tensile axial
force in the missile, as a result of the internal pressure in the
combustion chamber. This effect tends to reduce the trans-
verse deformation as opposed to the unstabilizing effect of a
compressive force, which would obtain if the engine thrust
were assumed to be concentrated at the vehicle aft end.
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It must be stressed that the formulation is of a very general
nature and is applicable to a large number of problems in
rocket dynamics. The two problems solved, namely the
longitudinal and transverse vibrations under pure spin and
axial rigid-body translation, should be regarded as special
cases in which closed-form solutions are possible. No closed-
form solution can be expected for the general case and a
strictly numerical solution by means of a high-speed com-
puter cannot be avoided.
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